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Heat rxansfer in a circular tube in the presence of laminar forced con- 
vection is investigated with allowance for thermal interaction at the 
solid-fluid boundary. 

We cons ider  the s ta t ionary  problem of heat t r a n s -  
fer  for l amina r  forced convection in a c i r cu l a r  tube. 
This  problem was f i r s t  invest igated at the end of the 
nineteenth  century  in connection with the solut ion of 
the so-ca l led  Graetz  problem.  Since then the problem 
has been solved repeatedly  for different  boundary con- 
dit ions and by different  methods [1-4].  

Usually,  in solving problems of heat t r ans f e r  be-  
tween a solid body and a fluid flow the conditions at 
the inner  sur face  of the body a re  a s sumed  given. 

In the p resence  of in tense  heat t ransfer ,  for exam-  
ple, this assumpt ion  is not sa t is factory,  s ince it does 
not account for the thermal  in te rac t ion  between solid 
and fluid. The t empera tu re  or flux at the inner  surface  
cannot be given a p r io r i ,  but should be obtained f rom a 
joint  solution of the equations of heat propagation in 
the fluid and in the solid. It is then n e c e s s a r y  to solve 
the so-ca l led  conjugate problem of heat t ransfer .  

Cer ta in  specific examples of this problem were 
formulated and solved in [5, 6]. 

We obtain an exact solution o f thecon juga t ep rob lem 
of heat  t r ans fe r  in a s emi - in f in i t e  c i r cu la r  tube of 
finite th ickness  f i l led with a moving incompress ib l e  
fluid, for a s teady-s ta te  Poiseui I le  veloci ty d i s t r i bu -  
l ion with allowance for mechanica l  energy diss ipat ion.  

w Mathemat ical ly ,  the problem reduces  to the 
solution in d imens ion less  va r i ab les  of the equation for 
the fluid 
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Z --~ vo .  

w Consider  f i r s t  the boundary value problem (1 ) -  
(3). Usual ly  the Pe number  is very  large  and Eq. (1) 
becomes 
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We seek a solution of (10) with (2)-(3) in the form 
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where 0 i is the solution of (i0) satisfying the boundary 
conditions 
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and the equation for the solid 
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We seek a solution of (10), (12)-{13) as a sum of two 
functions,  
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where 0~ sa t i s f ies  an equation of the form (14) with 
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boundary conditions 
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Obviously, 0 3 is of the form 
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where the Rn(p) satisfy 
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where 
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It is easy to show that the solution of (21)-(22) is 
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where a = 1/2 - Pn/4; 1Fl(a, 1, Pn p2) is a confluent hy- 
pergeometrie funetion. 

From (22) with p = 1 we obtain the characterist ie 
equation for Pn, i . e . ,  

iF~(a, 1, Pn) = 0, (25) 

(the roots of (25) are given in [7]). 

The constants B n are determined by substituting 
(20) into (18) with ~ = 0 taking into account the ortho- 
gonality of Rn(p) on the interval [0, i] 
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We proceed to determine 02 . 
Applying the superposition principle, we obtain 
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Considering(l l ) ,  (17), (20), (27), we obtain the 
solution of (1)-(3): 
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{8. We obtain the solution of problem (4)-(6) using 
the generalized Fourier  sine transformation [8]. The 
transform is 
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w Now we find the unknown function • Apply-  
ing the genera l i zed  F o u r i e r  sine t r ans fo rma t ion  to 
(28) and subst i tut ing the resu l t  obtained and (29) into 
the t r a n s f o r m e d  condition (8), we obtain 
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In (31) we make  the change of va r i ab l e s  
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then 

where  
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Equation (33) is a singular integral equation with a 
Cauchy kerne l  [9]. 

w To solve (34) we use the idea of analytic con-  
tinuation in the complex  domain.  

Equation (33) is reduced to a Rlemann  problem with 
discontinuous coefficients .  

Introducing the p iecewise -ana ly t i e  function 

q)(z)-- 1 ~ <P(*) dz, (34) 
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where  the contour L is the posi t ive pa r t  of the rea l  
axis,  and using the Sokhotsk i i -Premel j  formula ,  we 
obtain 
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Substituting (35)-(36) into (33), we have 
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A solution of the inhomogeneous Riemann prob lem 
(37) can be eas i ly  obtained by taking the index of the 
p rob lem v = 0 (the proof  and the detai led solution of 
this a s se r t i on  will be p resen ted  e lsewhere) .  Then 
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Using the Sokhotsk i i -P lemel j  fo rmula  and (38)-(40),  
we obtain 
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1 
r ( t ) = - ~  t- f ~ d ~ ,  
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Subst i tut ing (41)-(42) into (35) 

(43) 

F r o m  (32) and (43), we d e r i v e  the t r a n s f o r m  of the 
unknown function 

[ xs(~)=Tg(~ ' )  1+ + V a ( a  ~) x 
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The unknown function • is  given by 
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The unknown t e m p e r a t u r e s  0 and 0 e a r e  obtained by 
subst i tu t ing  (45) and (44) into (28) and (30), r e s p e c -  
t ively .  

outer  su r f ace  of the tube; 0 = T/X(~) is  the d imens ion -  
l e s s  t e m p e r a t u r e  of the fluid; 0 e = Te/X(~) is  the d imen-  
s ion less  t e m p e r a t u r e  of the sol id;  r and z a r e  space  
coord ina tes ;  ~ = z / P e R ,  p = r / R  a r e  d i m e n s i o n l e s s  
space  coord ina tes ;  R i s  the tube rad ius ;  R 1 - R is  
the th ickness  of the sol id;  Pe  = v0R/a; v 0 = 2vl; vl is  
the mean ve loc i ty ;  P r  = via is  the P rand t l  number ;  
C is the spec i f ic  heat;  I is  the mechan ica l  equivalent  
of heat;  H 1 = 16Prv~/CI• K x = h /ke ;  h i s t h e t h e r -  
real  conduct ivi ty  of the fluid; he is  the t h e r m a l  con-  
duct ivi ty  of the sol id;  H = 16~v~/CIR 4. 
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NOTATION 

T is the t e m p e r a t u r e  of the fluid; T e is  the t e m -  
p e r a t u r e  of the sol id;  ~b(z) is  the t e m p e r a t u r e  at  the 
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